Assignment # 9 Due on January 8th in class

1. In an inner product space M, suppose that there are x,y € M, such that

[z o)l = [l - Nyl

Prove that x and y are linear dependent. In other words, prove that there exists A\, Ay € C,
such that Az + Ay = 0 and at least one of A\; and A, is not zero.

Proof. In fact, this is part of the Cauchy-Schwarz inequality (also called the Cauchy-Bunyakovsky-
Schwarz inequality). It is about the condition when this inequality becomes an equality.
If y = 0, it is easy to see that |(x,y)| = ||z||-|ly||. In this case, we do have that 0-z+1-y = 0.
Assume that y # 0, according to the proof of the Cauchy-Schwarz inequality, by setting
N = — (y, )
(v, y)

, we have

0<(x+Ay,z+ \y)
= (z,2) + Mz, y) + My, z) + A\ (y,y)

(y, )

= (z,z) Y (z,)

_ (@ o)y y) — [z y)
(y,y)

_ =l iy l” = [ )2
(v, y) '

It follows that, in the case y # 0, if [{x,y)| = ||=|| - ||y]|, then

(x + My, z+ \y) =0,

thus x + Ay = 0.
Combing both cases of y = 0 and y # 0, we finished the proof. O

2. Let M be a Hilbert space, and let {ej,ey,---} C M | satisfying ||e;|| = 1, Vi € Nsq,
and (e;, e;) = d;;, where J is the Kronecker delta defined as

1 di=y

1



a) [Bessel’s Inequality] Prove that for any = € M, we have

o0
> e <l
i=1

Hint: Just need to show that for any n € Nsi, 320 (2, e,)]? < ||lz||>.

b) Assume {ej, s, -+ }+ = {0}. Prove that for all z € M, we have

oo

2
> e = [zl
i=1

Hint: Let x, = > (z,e;)e;. Show that zy,z,--- is a Cauchy sequence. As M is
complete (because M is a Hilbert space), y = lim, ,o, x, is in H. Easy to check that
[ylI” = lim, o0 |2a]|” = i, 00 327, (2, €:)]?. Tt only remains to show that z = y. In other
words, lim,,_, ||z — z,|| = 0.

Proof. a) Just note that
0< <5U - Z@U,ez’)@i,x - Z<x>€i>€i> ,
i=1 i=1
Using the orthogonality of those e; and the proof follows from calculations.

b) According to the hint, we just need to show that z = y. Note that {ej, ez, - }+ = {0}.
If we can show that (x —y,e;) = 0 for all i € N5y, then we can get x =y .
In fact,

(r —y,e) = (z,e:) — (Y, €)

= (x,€;) — <Z(x,ej>ej,ei>

= (l‘,€1> - . <xvej> <ejvei>
= (z,e;) — (x,¢€;)

Done!



